of Bernstein (Math. Zeit. vol. 26 (1927) pp. 551-558).
Theorem. Let f(x, y) be a real-valued function which satisfies the following conditions.
(a) /(*, y) is of class C" in the entire xy-plane, that is, fix, y) is defined and has continuous partial derivative of the second order in the entire xy-plane.
(b) /_/" -j% ^ 0, /_/. -/» ^ 0.
Thenf(x, y) is not bounded.
We shall now review one of the main steps in the proof of this theorem. We can assume without loss of generality that/(x, y) satisfies the further conditions: Lemma 1.1. Let f(x, y) be a real-valued function which satisfies the above conditions (a), (b), (c) and assume that there is a constant h>0 such that -h<f(x, y)<h. Then the set of points where the function g{x, y) =f(x, y) -qoy is different from zero contains a component D which lies in the strip -h/q0<y<h/qo and is bounded on either the right or'the left.
E. Hopf noted that the proof given of this lemma does not rule out the case where each of the components which lies in the strip -h/q0 <y<h/qo might oscillate back and forth so that points arbitrarily far from the origin in both directions occur in it. Hopf (Bull. Amer. Math. Soc. vol. 56 (1950) pp. 80-85) then gives a correct proof of the above theorem. In this note we give an alternate and somewhat simpler proof. We shall show that the argument of Bernstein can be used to prove the above theorem by the use of the following lemma, the proof of which is given in §3. Lemma 1.2. Letf(x, y) be a real-valued function which satisfies the above conditions (a), (b), (c) and assume that there is a constant h>0 such that -h<f(x, y)<h.
Then there exists a real-valued function f*(x, y) which satisfies the following conditions. C5. There is a number a>0 such that G(x, a; 0) <0, G(x, -a;0)>0 for -00 <x < co.
C6. G(x, y; Xi) <G(x, y; X2) for Xi<X2, (x, y)^(0, 0).
Following the argument of Bernstein we have the following facts. Under the above conditions there exist two numbers k\, k2 depending upon Gxx(0, 0; X), Gxy(0, 0; X), Gvv(0, 0; X) (see C4) and a number e(X)>0such that G(x, y;X)>0 for y = kix,0<\x\ <e(X) and G(x, y;X) <0 for y = kix, 0<|x|<e(X).
Let 7i(X) be the segment y = kix, 0<x<e(k), 7ä(X) be the segment y = kix, -e(\) <x<0, yx(S.) be the segment y = kiX, 0<x<e(X), and 74(X) be the segment y = k&, -e(X) <x<0. For each X the set of points in the xy-plane where G(x, y; X) 7^0 contains four distinct components Di(X)Z)yi(X), i = l, 2, 3, 4. We now prove the following preliminary lemma.
Lemma 2.1. Let G(x, y; X) be a one-parameter family of real-valued functions which satisfy the above conditions Ci, • • • , C6. Then there is a number Xo, -v <Xo < rj, such that the set of points in the xy-plane where G(x, y; Xo) 5^0 contains a component which lies in the strip -a<y<ct and is bounded on either the right or the left.
Proof. Consider the components Z),(X) described above. Case 1. One of the components A(0), say Di(j(0), does not cross the line x=xQ. By condition C6, Dit(0) does not cross either of the lines y= +a (otherwise it would have to contain the entire line and hence would cross the line x = x<>). Thus Dio (0) Case 2%. m = m<1 = m," ii?*i2 and / = /<, = /<4, is^H-Then -a<l<u <a and each component F><(0), *=»1, 2, 3, 4, lies in the strip -a<y <a. By the relations (3), i\, ^ are not both odd or both even integers and i3, n are not both odd or both even integers. By renumbering if
